Fuel flexibility is a significant advantage of solid oxide fuel cells (SOFCs) and can be attributed to their high operating temperature. Here we consider a direct internal reforming solid oxide fuel cell setup in which a separate fuel reformer is not required. We construct a multidimensional, detailed model of a planar solid oxide fuel cell, where mass transport in the fuel channel is modeled using the Stefan-Maxwell model, whereas the mass transport within the porous electrodes is simulated using the Dusty-Gas model. The resulting highly nonlinear model is built into COMSOL Multiphysics, a commercial computational fluid dynamics software, and is validated against experimental data from the literature. A number of parametric studies is performed to obtain insights on the direct internal reforming solid oxide fuel cell system behavior and efficiency, to aid the design procedure. It is shown that internal reforming results in temperature drop close to the inlet and that the direct internal reforming solid oxide fuel cell performance can be enhanced by increasing the operating temperature. It is also observed that decreases in the inlet temperature result in smoother temperature profiles and in the formation of reduced thermal gradients. Furthermore, the direct internal reforming solid oxide fuel cell performance was found to be affected by the thickness of the electrochemically-active anode catalyst layer, although not always substantially, due to the counter-balancing behavior of the activation and ohmic overpotentials.
Introduction
A method for obtaining the hydrogen required for the solid oxide fuel cell (SOFC) operation, is through catalytic steam reforming (CSR) of methane or natural gas. Natural gas is one of the most widely available light hydrocarbon fuels. It is a fuel mixture typically consisting of methane and smaller amounts of higher hydrocarbons, such as ethane, propane, butane, and of nitrogen. CSR is typically carried out between 700°C and 900°C [1] , therefore, it is compatible with the high SOFC operating temperatures. Additionally, SOFC anodes typically comprise of metal catalysts that promote the CSR reaction. The general reforming reaction of a hydrocarbon can be written as:
Methane, which is the most common fuel in internal reforming SOFC (IR-SOFC) systems, due to the higher efficiency that can be achieved from its use [2, 3] , reacts with steam to produce hydrogen (H 2 ) and carbon monoxide (CO) in the methane-steam reforming (MSR) reaction:
The MSR reaction is thermodynamically favored at high temperatures and low pressures, since the forward reaction results in volume increase [1] . At the same time, CO further reacts with steam (H 2 O) to generate additional hydrogen and carbon dioxide (CO 2 ) in the water-gas shift (WGS) reaction:
As can be seen from reactions (2) and (3), MSR is a highly endothermic reaction, whereas the WGS, as well as the electro-
Corresponding author, k.theodoropoulos@manchester.ac.uk chemical oxidation, are exothermic reactions [4, 5] . In our model, in addition to the aforementioned reactions, the simultaneous electrochemical oxidation of H 2 and CO at the anode is taken into account as can be seen in Figure 1 . Therefore, the electrochemical reactions at the active layers of the anode and cathode electrodes are as follows:
Anode:
Cathode: 1=2 O 2 þ 2e
Based on these half-cell reactions, the overall electrochemical reactions are the following:
The entropy change is evaluated separately for each electrochemical half-cell reaction [6, 7] , since the overall reaction of a SOFC does not provide information on how the heat is distributed among each electrode [8] . Using this approach the temperature distribution in the solid parts of the SOFC can be evaluated more accurately.
Two operating parameters that are commonly used to characterize reforming systems are the steam to carbon ratio (S/C) and the stoichiometric ratio (SR) [9] . S/C is defined as the mole fraction of steam in the anode fuel to all combustible species mole fractions and is given by:
SR is defined as the amount of oxygen in the inlet of the system over the amount of oxygen needed to achieve complete combustion and is given by:
A sufficient amount of steam is necessary in the reformer, in order to fulfil the reforming reaction requirements. Previous studies on methane reforming in SOFCs have shown that a S/C ratio higher than 2 guarantees that carbon formation does not occur in the SOFC [10] . However, a very high S/C ratio can prove to be an inefficient choice, as it would dilute the hydrogen in the fuel channel, lowering the electrical efficiency of the cell. Therefore, the S/C ratio is usually kept below 3.5 [11] .
Some of the benefits of CSR of hydrocarbons in SOFCs are the production of hydrogen in situ, the higher overall efficiencies and the simplicity of the resulting system in the case of internal reforming (IR) due to the combined reforming and electrochemical processes [12] .
One of the main downsides of MSR in IR-SOFCs is the formation of steep temperature gradients within the cell, due to the highly endothermic reforming reaction, which results in thermal stresses that can lead to structural failures. Such gradients are formed mainly at the inlet of the fuel channel where the highly endothermic MSR reaction rate is large, due to the higher methane concentration, resulting in much lower temperatures than the feed temperature. As methane flows in the fuel channel, methane concentration decreases, while hydrogen concentration respectively increases, causing the exothermic electrochemical (oxidation) reactions to dominate the MSR reaction, resulting in a temperature increase downstream in the cell. Another limitation of MSR is that, despite their relatively high tolerance in carbon, the anode electrode catalysts can suffer from carbon deposition, which can result in its deactivation in the long term.
To alleviate the aforementioned limitations some degree of upstream fuel processing, including recirculation, can be used.
Natural gas can be fed in a pre-reforming reactor along with a fraction of the outlet anode stream that is recirculated from the SOFC, in order to produce a fuel stream that is rich in H 2 and CO and dilute in hydrocarbons. The decreased methane (CH 4 ) concentration means that the S/C ratio is increased, and the increased H 2 and CO concentrations mean that a higher current density is observed at the inlet, which consequently results in the production of more steam through the electrochemical reactions. Higher S/C ratios and current densities have been found to decrease the rate of carbon formation [12] . In addition, the generated temperature gradients in the SOFC become smaller, due to the increase in the relative rate of the exothermic electrochemical reactions versus the rate of the endothermic reforming reaction. In this work, the Dusty-Gas model (DGM) is employed for the simulation of mass transport in the porous anode and cathode electrodes of a direct internal reforming solid oxide fuel cell (DIR-SOFC) system. Several studies have been conducted to review and compare the mass transport approaches which can be followed for accurate SOFC modeling and they concur that DGM can be deemed accurate and dependable [13] [14] [15] [16] . Although the merits of DGM are highly held of in the SOFC community, to the best of our knowledge only a handful of works exist in the literature employing DGM for IR-SOFC in button [17] and planar configurations [18] [19] [20] . The closest work to the one discussed here is Janardhanan and Deutschmann's [18] who simulate a planar Membrane Electrode Assembly (MEA) SOFC with an iterative, fixed-point algorithm. Here, although a MEA is not applied, the governing partial differential equations (PDEs) are fully coupled and solved simultaneously using a commercial computational fluid dynamics (CFD) package, yielding a computationally efficient and flexible model. In [18] charge transfer takes place only at the electrode-electrolyte interface considering the triple phase boundaries (TPBs) as 1-D boundaries, while here the TPBs are taken into consideration as finite 2-D zones in the anode electrode. Furthermore, this study takes into account the electrochemical oxidation of both H 2 and CO at the TPB of the anode.
Following the approach we introduced for the first time in [21] for anode SOFC simulations, and then extended on entire system SOFC simulations in [22] , here the DGM is coupled with the Stefan-Maxwell model (SMM) achieving higher accuracy for mass transport simulations in DIR-SOFCs. Such a detailed model can be used for the investigation of the effect of various parameters on the SOFC performance, targeting robust design and control of DIR-SOFC systems. Such detailed models can be used directly in conjunction with model reduction techniques in the context of optimisation [23, 24] and control [25, 26] , achieving both accurate and robust design and operation.
This paper is organised as follows: the various approaches to SOFC fuel processing are presented in Section 2; in Section 3, the developed model is described in terms of reaction kinetics, governing PDEs and boundary conditions for the phenomena taken into consideration (mass, energy and charge transport) and domain considered. In Section 4, the constructed model is validated against experimental results available in literature. Furthermore, results obtained from base case simulations are presented and a parametric investigation is undertaken. In Section 5, the conclusions are discussed.
Approaches to SOFC Fuel Processing
SOFC systems typically obtain the hydrogen required for their operation from a hydrocarbon-based fuel source. Alcohols, such as methanol or ethanol, and hydrocarbons, such as natural gas, are usually reformed into a hydrogen-rich synthesis gas by various methods. The most representative methods for this purpose are CSR, partial oxidation (POX) and autothermal reforming (ATR) [3, 27] . The fuel can be converted and reformed externally to the SOFC stack by external reforming (ER) or internally in the SOFC anode compartment by IR. ER requires an external heat source, such as a burner or hot waste gas and a fixed bed reactor. IR utilizes the heat release from the fuel electrochemical oxidation reactions by providing a convenient and efficient configuration for energy transfer between heat source and heat sink, simultaneously lowering the air cooling requirements of the SOFC [3] .
There are two main approaches to IR within a SOFC, indirect internal reforming (IIR) and direct internal reforming (DIR). In the former approach, the reformer section is physically separated from the SOFC, but in close thermal contact with the anode, in order to make use of the SOFC stack released heat. In the latter approach, the hydrocarbon fuel mixture is fed directly into the anode fuel channel and the reforming reaction occurs there [10] .
The two main advantages of CSR over POX and ATR processes are that it produces a high composition hydrogen mixture without dilution of the product stream and that it operates with a high fuel conversion efficiency (85%-95%) [3] . In contrast to the above, POX offers compactness, fast start-up and rapid dynamic response, but sacrifices fuel conversion efficiency. ATR, on the other hand, shares some of the features of CSR and POX technologies. The major difference between CSR, POX and ATR processes is the mechanism for providing the thermal energy required for the endothermic reforming reactions [3] . In this work, a DIR approach is going to be used for the developed IR-SOFC model.
Direct Internal Reforming
In DIR, the reforming reactions take place within the anode of the SOFC. This is feasible, since the high operating temperatures of SOFCs in combination with the nickel content of the anode electrodes provide sufficient activity for the MSR (2) and WGS (3) reactions [28] . In DIR-SOFC systems, there is very good system integration, because the steam produced from the hydrogen oxidation electrochemical reaction can be used directly in the reforming reaction. Additionally, the heat released in the DIR-SOFC can provide the heat for the MSR reaction. The need for SOFC cooling is usually satisfied by flowing excess air through the cathode air channel, but in DIR-SOFCs this is not necessary, because of the endothermic reforming reaction [10, 28] . Moreover, due to the ongoing hydrogen consumption by the electrochemical reactions, the equilibrium of the MSR reaction (2) is further shifted to the right, increasing the methane conversion and leading to a more evenly distributed load of hydrogen [10] .
DIR has the advantage of eliminating the requirement for upstream processing without using a separate fuel reformer, as is the case for IIR, thus simplifying the overall SOFC system design, hence minimising its cost, size and complexity. Another benefit of DIR over IIR is that in DIR the conversion of CH 4 to H 2 is promoted to a much larger extent than in IIR [10] .
A DIR related drawback, as already mentioned, is the carbon formation on the anode electrode that not only deactivates the catalytic active sites, but can also damage the cell through delamination or nickel dusting leading to reduced SOFC performance [10, 29] . This problem can be alleviated by increasing the S/C ratio of the inlet fuel mixture to an amount greater than the stoichiometric requirement of reaction (2) . However, the amount of steam necessary for carbon-free operation is not an easy choice, as in addition to the suppression of coke formation, S/C ratio can also affect the equilibrium yield of hydrogen. As the S/C ratio is increased, the hydrogen yield decreases. Furthermore, high S/C-ratios can cause nickel oxidation, which can lead to severe damaging of the cell through the alteration of the lattice structure [30, 31] . Increasing extensively the S/C ratio can also have a negative effect in the overall system efficiency, since the energy requirements for steam generation are also increased. Advanced anode materials that allow DIR at low steam/carbon ratios can offer an alternative approach with significant benefits [28] .
Another negative aspect, mostly affecting the high temperature DIR-SOFCs, is the strong cooling effect caused by the highly endothermic MSR reaction. It has been demonstrated that almost all CH 4 is reformed within a small distance from the anode inlet [10, 28] . This can result in very steep temperature gradients in the SOFC solid structure and lead to large thermal stresses that can potentially result in system failure due to crack formations. In order to reduce this effect, an option is to use partial external pre-reforming, which reforms the higher hydrocarbons, possibly present in the fuel mixture, and some of the methane, reducing that way coking formation phenomena [28] .
Another approach to this shortcoming is the lower temperature operation, since this would naturally reduce the endothermic MSR reaction rate. The latter is one of the reasons behind the increased research and development of intermediate temperature IR-SOFCs [32, 33] .
The overall heat production from the electrochemical and water gas shift reactions is about twice the amount of heat consumed by the reforming reaction [34] . In order to regulate the temperature of the SOFC, the extra heat generated is usually removed by the flow of excess air in the cathode air channel. An example of a commercial application of the DIR-SOFC technology is the Siemens-Westinghouse SOFC prototype [35] .
DIR-SOFC Model Description
The reforming configurations that were discussed in the previous section (IIR, DIR) can be applied to all the processes presented (CSR, POX, ATR), but this work focuses on the study of a CSR DIR-SOFC system. The mathematical model of the processes taking place in the SOFC fuel and air channels, diffusion and reaction layers, and electrolyte is formulated by applying DGM-SMM based mass transport, the momentum conservation (Navier-Stokes equation), the energy conservation equation and the charge conservation equation, with the appropriate subdomain and boundary source terms for the chemical and electrochemical reactions. Additionally, all the corresponding boundary conditions are also determined, forming a set of coupled nonlinear PDEs that is solved within a sufficiently fine mesh, in order to produce mesh independent solutions, with the use of the finite element method (FEM) software package, COMSOL Multiphysics [36] . The model can take as input a set of design and operating physical and chemical parameters and is able to generate performance polarization curves, operating variables distributions and other measurable output parameters.
The reaction zone layers, where the anode and cathode electrochemical reactions occur at the localised TPB, causing fuel and oxidant to be converted to electrical current, heat and steam, are usually treated as mathematical boundaries. In this work, however, the electrochemically active reaction zones will be treated as finite subdomains, as can be seen in Figure 2 , in order to simulate more accurately the behavior of composite electrodes, which are described next. Another unique feature of this model is that it takes into account the electrochemical oxidation of both H 2 and CO and the contribution of both reactions to the current generation.
Mixed Ionic-electronic Composite Electrodes
Mixed ionic-electronic composite electrodes have been proposed as alternatives to the simple metal cermets [37, 38] . Their use in SOFCs has many potential benefits and can improve their performance significantly [34, 39, 40] . The composite electrodes are porous metal-loaded ceramics, which have the property of being mixed electronic and ionic conductors. The most commonly used materials for this application are Nickel/Yttria-Stabilized Zirconia (Ni/YSZ) for the anode and Lanthanum Strontium Manganate/Yttria-Stabilized Zirconia (LSM/YSZ) for the cathode. Their primary advantage over the traditional pure electronic conducting electrodes is that the reaction zone layer for the electrochemical reaction is not limited only on the TPB, but it extends into the ceramic conductor some distance from the electrode/electrolyte interface. Subsequently, the activation overpotential losses are significantly reduced since the electrochemical reactions are better promoted [41] . Another significant advantage of composite electrodes over traditional ones is the reduction of thermal stress effects, as a result of the fact that the value of their expansion coefficient is much closer to the corresponding value of the electrolyte. This is important since the effect of the strains is mainly caused by the different thermal expansions and it is a quite common problem for SOFCs [40] .
DIR-SOFC Model Kinetics
Despite the fact that catalytic steam reforming has been studied by many researchers and there are many publications providing information related to its kinetics, there are only a few dealing specifically with the reforming kinetics in SOFC anodes. In many publications [1, 11] , authors claim that reforming kinetics are slow when compared with both shifting and hydrogen electrochemical oxidation, thus, under certain operating conditions, it is safe to assume that equilibrium is not reached. In the current study, for the MSR reaction (2), the following reaction rate equation will be used [10, 28] :
where E A MSR is the MSR reaction activation energy and k MSR is the MSR reaction pre-exponential factor.
In studies about reforming in SOFCs, several authors claim that the MSR reaction is too slow to assume that it can reach equilibrium, but on the other hand this approach is suitable for describing the kinetics of the WGS reaction [10] . Therefore, the kinetic equation that is going to be used for the WGS reaction (3) is the following [10, 28] :
where k WGS is the WGS reaction rate constant and K eq is the WGS reaction equilibrium constant. The units of the reaction rates r MSR and r WGS given by Eqs. (12) and (13) 
The internal reforming kinetics used in this study are considered typical for Ni cermet anodes [10, 28] , and they have also been used in many SOFC systems [42] [43] [44] [45] [46] .
DIR-SOFC Model Assumptions
The main assumptions for this single cell DIR-SOFC model are gathered below:
All the water throughout the fuel channel and the porous electrode is considered to remain in the gas phase. Consequently, the model will be a single phase model and phase change as well as two phase transport will not be considered. (ii) The gas mixtures are assumed to behave ideally, thus the ideal gas law is applied in this model. (iii) The electrochemical reactions are assumed to be instantaneous and to take place at the electrochemically-active catalyst layer subdomains (see Figure 2 ). (iv) The porous electrodes are assumed to be isotropic and macro-homogeneous and the electrolyte is assumed to be impermeable to mass transport [47, 48] . (v) The density and the heat capacity of the gas mixtures are considered constant and temperature independent throughout the SOFC. 
Mass, Energy, Momentum and Charge Transport Equations
The governing coupled equations and their corresponding boundary conditions of the modeling approach developed to simulate the associated mass, energy, momentum and charge conservation phenomena that occur in a DIR-SOFC will be described next. In Figure 3 the conservation principles associated with each subdomain of the computational domain are depicted.
Mass Transport Equations
The equation of continuity for component i, assuming an ideal gas behavior, can be written as follows [49, 50] :
where e is the porosity (equal to unity for a non-porous gas phase), N i is the total molecular flux of species i, R i and R el i are the volumetric (chemical and electrochemical, respectively) production/consumption rates of species i.
Similar to our previous work [21, 22] , for the simulation of mass transport in the fuel and air channels the SMM will be employed. The multicomponent SMM is given by the following vector matrix equation for ideal gases [51] :
where J is the vector of diffusion fluxes, p the vector of the gradients of the partial pressures p i and
Þmatrix whose elements are given by:
The additional equation needed in order to have a fully defined system of n equations with n unknowns is the following [51, 52] :
The total molecular flux N i for the multidimensional SMM is given by the following equation, where the convective flux term has been added to the diffusive flux term J i :
where c i is the molar concentration of species i and U is the velocity vector. For the simulation of mass transport in the anode and cathode diffusion and electrochemically active catalyst layers, the DGM [53, 54] will be used taking into account the Knudsen diffusion and the Darcy's viscous flux, which is caused due to the existence of a total pressure gradient. The multidimensional DGM is given by the following vector matrix equation [50, 53, 54] :
where N and p are the n-dimensional vectors of component total molar fluxes and partial pressures, respectively, for all components, A DGM p i ð Þ is a n n matrix whose elements are given by:
ð Þ is a n n matrix whose elements are given by:
B 0 in Eq. (22) and Eq. (23), is given by the Kozeny-Carman equation [19] :
At the anode porous electrode the MSR and the WGS reactions are taking place. Thus, in subdomains III and IV (see Figure 4 ) the reaction source terms R i used in Eq. (13) are as follows:
where r MSR and r WGS are the MSR and WGS reaction rates given by Eq. (11) and Eq. (12), and w i is the width of each corresponding subdomain. WGS reaction is not catalytically activated and it can also be considered to take place in the fuel ORIGINAL RESEARCH PAPER Figure 4 ) the reaction source terms R i used in Eq. (13) are the ones described in Eqs. (25) to (29) with r MSR equal to 0. In composite electrodes, the electrochemical reactions take place at the anode and cathode extended TPBs, represented here by the electrochemicallyactive catalyst layers (subdomains IV and VI). It has been shown that the H 2 electrochemical oxidation reaction rate is about 1.9-2.3 times and 2.3-3.1 times higher than the CO electrochemical oxidation reaction rate at 1,023 K and 1,273 K, respectively [55] . This difference is caused mainly due to the larger diffusion resistance of CO than that of H 2 in the porous electrode. Therefore, in subdomains IV and VI (see Figure 4) , the electrochemical reaction source terms, R el i , of Eq. (13) are described by the following equations:
where I A and I C are the anode and cathode current densities computed by Eq. (52) and Eq. (55) presented next in this work, respectively.
Energy Transport Equations
The energy transport equation is solved for every subdomain of the computational domain. The dominating phenomena in the current model are heat conduction, heat convection and thermal species diffusion, while energy transport by radiation is neglected. The reforming reaction is considered to take place at the anode electrode (subdomains III and IV) and the shift reaction is assumed to take place at the anode electrode (subdomains III and IV) as well as in the fuel channel (subdomain II), while the electrochemical reactions occur in the anode and cathode catalyst layers (subdomains IV and VI, respectively). The governing equation describing these phenomena is the following [51] :
where N i is the total flux vector of species i given by Eq. (18) for the gas channels and by Eq. (19) for the porous electrodes, c i is the molar concentration of species i, Q h represents the thermal sources term and k eff is the effective thermal conductivity given by the following expression:
where k g is the heat conductivity of the gas phase and k s the heat conductivity of the solid structure. For the electrolyte and the interconnect e ¼ 0, while for the gas channels e ¼ 1. H i is the partial molar enthalpy of species i given by the following equation [8] :
where c i P is the molar heat capacity of species i and D H 0 i is the standard enthalpy of formation of species i. At all the porous subdomains energy transport by convection is negligible. Accordingly, in the gas channels conductive energy transport is not taken into account. Thus, for the fuel and air channels taking into account Eq. (18), Eq. (35) takes the following form:
where c t is the total molar concentration of the gas mixture, c P is the molar heat capacity of the gas mixture, J i is the diffusive flux vector as evaluated by the SMM in Eq. (14) and U is the velocity vector. The first term on the right hand side of Eq. (38) describes convection, the second one thermal species diffusion and the third one is the heat sources term. For the porous electrodes, Eq. (35) takes the following form:
where c eff t is the effective total molar concentration of the porous electrode and it is evaluated in the same manner as k eff in Eq. (36) . Similarly, c eff P is the effective molar heat capacity of the porous electrode. N i is the total flux term as evaluated by the DGM in Eq. (19) . In order to make these equations compatible for use with COMSOL Multiphysics, some of the terms need to make use of specific properties instead of molar. Thus, Eq. (38) and Eq. (39) were expressed as follows:
where C eff P is the effective specific heat capacity and r eff is the effective mass density, which is evaluated by:
ð Þr s , with r g being the mass density of the gas phase and r s the mass density of the solid components.
At the anode and cathode diffusion and catalyst layers heat generation is taking place, due to the irreversible ohmic heating from the electronic current flow. Thus, in subdomains III, IV, VI and VII:
Equivalently, at the electrolyte subdomain V, heat generation due to the resistance to the ionic current flow occurs, therefore:
At the anode and cathode catalyst layers the heat associated to the change of entropy due to the half-cell electrochemical reactions that cannot be utilised as electrical energy has to be taken into account. Additionally, the available energy from the open circuit voltage (OCV) that is not transformed into current, but instead is released as heat at the anode and cathode catalyst layers, has to be taken into consideration [56] . Thus, in subdomains IV and VI:
where DS A and DS C are the entropy changes for each of the half-cell electrochemical reactions (4), (5) and (6) [6, 7] .
At the anode fuel channel, as well as at the diffusion and catalyst layers, heat associated to the MSR and WGS reactions is released. Consequently, in subdomains II, III and IV:
where the reaction rates r i and the reaction enthalpies DH i are given by Eq. (11) and Eq. (12), and Eq. (2) and Eq. (3), respectively.
Momentum Transport Equations
The momentum transport equations are solved for the fuel and air channel subdomains II and VIII (see Figure 4) . The governing equations that describe the momentum transport are the continuity and the Navier Stokes equations [36] :
where r is the density of the fluid and h its kinematic viscosity.
Charge Transport Equations
The charge conservation equations are solved for two variables, the electronic potential V el at the two electrode diffusion layers subdomains III and VII and at the two catalyst layers subdomains IV and VI, and also the ionic potential V io at the electrolyte subdomain V and the two catalyst layers IV and VI (see Figure 4) . The two governing equations that describe the charge conservation are the following [5, 57] :
where r el and r io are the electronic and ionic charge densities respectively, s eff el is the effective electronic conductivity of the electrodes, s io the ionic conductivity of the electrolyte, V el and V io the electronic and ionic voltages, and finally Q C el and Q C io represent the electronic and ionic charge source terms, respectively. The effective electronic conductivity of the electrodes, s eff el , is given by the following expression:
where s el is the electronic conductivity of the anode or the cathode electrode. At the anode catalyst layer the hydrogen and carbon monoxide electrochemical oxidations are taking place and a transfer of ionic to electronic current occurs. Thus, in subdomain IV ORIGINAL RESEARCH PAPER 
where w ACL is the width of the anode catalyst layer (subdomain IV). The sum of the anode activation h A act and concentration overpotentials h A conc is given by [5, 58] :
Since, in this model both the electrochemical oxidation of H 2 and CO are taken into account, the anode concentration overpotential will be computed based on the following equation:
Accordingly, at the cathode catalyst layer, where the oxygen electrochemical reduction takes place, the Butler-Volmer equation is also used to obtain the rate of transfer of electronic to ionic current. Hence:
where w CCL is the width of the cathode catalyst layer (subdomain VI). Correspondingly, the sum of the cathode activation h C act and concentration overpotentials h C conc is given by [5, 58] :
where E REV is the reversible potential also known as Nernst potential. The cathode concentration overpotential h C conc is given by:
, used in equations (52) and (55), is the exchange current density for each electrode and can be expressed as a function of the Arrhenius law and the composition of the reactant gases as:
where p i is the partial pressure of the gaseous species i that takes part in an electrochemical reaction, p 0 is the reference pressure, g A=C are the anode/cathode exchange current density pre-exponential coefficients and E A=C A is the anode/cathode activation energy.
Mass, Energy, Momentum and Charge Transport Boundary Conditions
The boundary (BC) and interfacial (IFC) conditions are specified for all the external boundaries as well as the internal interfaces of the SOFC computational domain. As can be seen in Figure 4 there are in total twenty eight distinct faces, twenty of which are external boundaries and eight of which are internal interfaces. In the next sections, the BCs and IFCs for the mass, energy, momentum and charge transport equations, respectively, will be presented.
Mass Transport Boundary and Interfacial Conditions
At the inlet of the fuel and air channels, the partial pressures p i of each species i are specified. Therefore, according to 
BC23 :
where p IN i is the partial pressure of species i at the inlet. At the outlet of the fuel and air channels convective flux boundary conditions are imposed, meaning that the diffusive term of the total flux is cancelled out and only the convective term is taken into account. Thus:
where J FC i and J AC i are the diffusive fluxes of species i at the fuel and air channels, respectively.
At the fuel channel/anode diffusion layer interface and at the air channel/cathode diffusion layer interface, continuity for the partial pressure and for the flux terms of each species i is imposed. Therefore: are the total molar fluxes of species i at the fuel and air channels, and at the anode and cathode diffusion layers, respectively.
Similarly, at the anode diffusion layer/anode catalyst layer interface and at the cathode diffusion layer/cathode catalyst layer interface, continuity for the partial pressure and for the flux terms of each species i is imposed. Therefore: At all the remaining boundaries and interfaces, insulation BCs are imposed.
Energy Transport Boundary and Interfacial Conditions
At the inlet of the fuel and air channels the temperature T of each gas stream is specified. Therefore:
Similar to mass transport, at the outlet of the fuel and air channels convective flux boundary conditions for the energy transport are imposed, which means that the conductive term of the total flux is cancelled out and only the convective term is taken into account. Thus:
where k j is the thermal conductivity of subdomain j and n is the unit normal vector pointing outwards relative to the subdomains. At the fuel channel/anode electrode interface and at the air channel/cathode electrode interface, convective heat flux boundary conditions are imposed. Thus, according to Figure 4 :
where h k is the convective heat transfer coefficient at interface k. At the fuel channel/interconnect interface and at the air channel/interconnect interface, convective heat flux boundary conditions are imposed. Therefore:
At the anode diffusion layer/catalyst layer and at the cathode diffusion layer/catalyst layer interfaces, temperature continuity conditions are considered. Hence:
where n u and n d are the unit normal vectors pointing outwards relative to the subdomains. Accordingly, at the anode catalyst layer/electrolyte and at the cathode catalyst layer/electrolyte interfaces, temperature continuity conditions are applied. Hence:
At the end of each of the two interconnect subdomains, symmetry boundary conditions are imposed, assuming that the cell is placed in the middle of a SOFC stack. In order to achieve this, the feature of extrusion coupling variables [36] incorporated in COMSOL Multiphysics was used. Therefore, according to Figure 4 :
At all the remaining boundaries insulation BCs are imposed.
Momentum Transport Boundary and Interfacial Conditions
At the inlet of the fuel and air channels the velocity U of each gas stream is specified. Therefore: At the outlet of the fuel and air channel pressure boundary conditions are imposed, which are typical for this type of problem. Thus:
At all the remaining boundaries no slip BCs are imposed.
Charge Transport Boundary and Interfacial Conditions
At the fuel channel/anode diffusion layer interface, the electronic voltage, V el , is arbitrarily set to zero [47, 59, 60] . Therefore:
At the air channel/cathode diffusion layer interface, the electronic voltage, V el , is set equal to the operating voltage V C of the SOFC [47, 59, 60] . Thus:
At the anode diffusion layer/catalyst layer and at the cathode diffusion layer/catalyst layer interfaces, electronic voltage, V el , continuity conditions are applied. Thus:
Accordingly, at the anode catalyst layer/electrolyte and at the cathode catalyst layer/electrolyte interfaces, ionic voltage, V io , continuity conditions are applied. Hence:
At all the remaining boundaries and interfaces, insulation BCs are imposed.
Results and Discussion
The DIR-SOFC model developed here is based on fundamental equations written in a partial differential form, making it flexible in terms of the geometries that can be used. Thus, planar, tubular and monolithic DIR-SOFC configurations can be simulated using this model, provided that the corresponding BCs are modified accordingly. The computational domain was discretized in 29,021 domain and 3,473 boundary triangular elements, which were sufficient to produce mesh-independent solutions. In the current model the operating voltage V C is considered constant throughout the SOFC, therefore it will be a degree of freedom for the model. On the other hand, the current density I C is considered a dependent variable, thus it will vary throughout the solid structure of the SOFC. The preexponential coefficients, activation energies and equilibrium constants, used in the MSR and WGS reactions rate Eqs. (11) and (12), depend on the physical and chemical properties of the DIR-SOFC materials. In this work data from the literature have been used. In Table 1 the DIR-SOFC model parameters Cathode specific heat capacity / J kg
Electrolyte specific heat capacity / J kg
Interconnects specific heat capacity / J kg ORIGINAL RESEARCH PAPER are listed along with the corresponding sources, they were extracted from. In order to study the effect of different operating and design parameters on the SOFC performance, base case parameters have to be defined. The base case operating and design parameters used in this model, considering steadystate conditions, are listed in Table 2 .
The binary diffusion coefficients of the species used are temperature and pressure dependent and they are calculated using the Fuller's method [68] :
The Knudsen diffusion coefficients of the participating species i are calculated by [69] :
Model Validation
Our model has been validated against experimental data available in literature [70] . The geometrical aspects of the experimental setup have been reported in [71] . The geometry of the model defined in Tables 1 and 2 has been adapted to match the experimental one. Table 3 outlines the geometrical aspects of the model used for the validation, as well as the material parameters, as reported in [71] . All parameters not mentioned in Table 3 , have the same value as in the base case (Tables 1 and 2 ). The feed reported in [71] Table 2 Base case operating conditions and kinetic parameters for the DIR-SOFC model. which corresponds to a maximum velocity at the fuel channel of 0.171 m s -1 if a parabolic velocity profile is assumed. The reversible voltage has been adapted from experimental data (1.17 V), since the empirical relation used for our model is incompatible with the experimental data utilized. The pre-exponential coefficient and the activation energy for the exchange current density used in the modified Butler-Volmer equation were obtained from [72] . The fuel mixture used for the model validation is 30% pre-reformed and it consists of 26.3% H 2 , 49.3% H 2 O, 17.1% CH 4 , 2.9% CO and 4.4% CO 2 at the inlet to the fuel channel [71] . The polarization curve obtained using our model is compared to the experimental results and it is illustrated in Figure 5 . The model is shown to replicate the experiment sufficiently well. Small discrepancies are attributed to some geometrical aspects being unavailable and to some of the literature-obtained parameter referring to different conditions and materials than the ones used in the actual experimental setup.
Base Case Model Simulations
Our DIR-SOFC system is designed to operate for both non pre-reformed and pre-reformed operating conditions. The fuel mixture used in this study is 10 % pre-reformed and it consists of 8% H 2 , 58% H 2 O, 28% CH 4 , 2% CO and 4% CO 2 at the inlet of the fuel channel [10] .
In Figure 6 , the H 2 and O 2 molar fractions at the anode fuel channel and at the cathode air channel are illustrated. As H 2 and O 2 flow in the fuel and air channels, respectively, they diffuse through the porous electrodes where they react at the anode and cathode electrochemically-active catalyst layers respectively, where the half-cell electrochemical oxidation (4) and reduction (6) reactions take place. In the porous electrodes, the formed gradients of the H 2 and O 2 molar fractions are larger than in the fuel and air channel, because the diffusion is more difficult in the porous electrodes than in the fuel and air channels. Additionally, at the fuel and air channels the convective effects are much larger compared to the porous electrodes, where diffusion prevails. Close to the inlet of the fuel channel, a steep increase of the H 2 partial pressure can be observed. This is due to the rapid MSR reaction (2) and is an indication that this occurs mainly close to the fuel inlet. After all CH 4 is depleted, the produced H 2 is then gradually consumed along the length of the cell by the electrochemical reaction (4), resulting in the decrease of its molar fraction after reaching a maximum value. The O 2 molar fraction at the cathode electrochemically active catalyst layer is decreased along the length of the air channel due to the half-cell electrochemical reduction reaction, as expected. Figure 7 illustrates the anode fuel gas species molar fractions along the length of the fuel channel. The impact of the simultaneous occurrence of the MSR reaction, the WGS reaction and the electrochemical oxidation of H 2 and CO at the anode catalyst layer is presented. A rapid decrease in the CH 4 composition and a corresponding increase in the H 2 composition can be seen close to the inlet of the fuel channel. This is due to the very fast MSR reaction (2) and partially because of the WGS reaction. A decrease in the H 2 O composition can also be observed, which can also be attributed to the MSR and WGS reactions as steam plays the role of the reactant in these reactions. However, H 2 and H 2 O are also participating in the H 2 electrochemical reaction (4), where they have an opposite role, although the effect of the MSR and WGS reactions cannot be balanced, due to the different reaction rates. When CH 4 starts getting depleted, H 2 and H 2 O compositions begin to decrease and increase respectively, as now the effect of the electrochemical reactions is dominating. Consequently, the H 2 and H 2 O compositions exhibit a maximum and a minimum respectively, close to the point where CH 4 is depleted. Similarly to H 2 , at the inlet region there is an increase in CO composition due to the MSR reaction, which starts decreasing as soon as CH 4 is consumed and the WGS and the CO electrochemical reactions dominate. These trends, presented in Figure 7 , come in qualitative agreement with results from [10] and [19] , but vary quantitatively due to the use of different operating parameters.
In Figure 8 , the temperature distribution in the DIR-SOFC, obtained by the developed model, is illustrated. Inlet temperatures of T A IN ¼ T C IN ¼ 1,173 K and base case conditions, as given in Table 2 , were used for this simulation. The steep temperature decrease, that results in a cold spot at the anode electrode near the fuel inlet, is a result of the excessive amount of heat consumed by the highly endothermic MSR reaction (2) . The DIR-SOFC temperature decreases in the first 20% of its length by 50 K in relation to its inlet value. CH 4 is depleted near the inlet due to the large MSR reaction (2) rate and as a result, the exothermic electrochemical reactions (4) and (5) dominate the thermal energy generation, leading to a temperature increase all the way to the exit of the fuel and air channels. This causes the formation of thermal gradients that in turn give rise to thermal stresses, as already discussed. If these stres- ses exceed the threshold values dictated by the ceramic and metal materials used for the construction of the SOFC, it can result in reduced performance and even mechanical failure of the cell. Figure 9 illustrates the average (along the SOFC length) electronic and ionic voltage distributions along both diffusion and catalyst layers and the electrolyte domain for base case conditions (as in Table 2 ) and for operating potential V C = 0.6 V. As mentioned previously, since electrons cannot flow in the electrolyte and ions cannot flow through the diffusion layers of the electrodes, there is no electronic and ionic potential at the respective subdomains. The current densities are defined by the gradient of the respective ionic and electronic voltage curves in Figure 9 . The activation and concentration overpotentials are given by Eq. (53) and Eq. (56) respectively and as can be seen for the selected operating conditions the anode overpotential is slightly larger than the cathode one. The ohmic overpotential is almost zero at the electrodes as their electronic conductivity is much higher compared to the electrolyte ionic conductivity. The ionic potential distribution in the electrolyte subdomain is linear due to the constant ionic current flux.
The average current density and the reversible voltage distributions along the length of the cell are shown in Figure 10 . The current density decreases to a minimum of 6,200 A m -2 and then increases along the length of the cell. Its magnitude is dependent on the temperature and on the H 2 and CO concentrations. The temperature dependence is more significant, as it is evident from the trend observed in Figure 11 , which agrees with the temperature decrease close to the inlet of the DIR-SOFC. Accordingly, the reversible voltage E REV exhibits a peak value at the point where the temperature is at its lowest value as expected from the expression: 
ORIGINAL RESEARCH PAPER
E REV ¼ E 0 þ RT n e F ln p H 2 p 0:5 O 2 p H 2 O !(93)
Parametric Investigation
A parametric study of various operating and design parameters has been performed in order to examine their effect on the performance of the DIR-SOFC. In Figure 11 , temperature distributions along the length of the SOFC, for fuel and air channel inlet temperatures of 1,073 K, 1,123 K, and 1,173 K and for a constant operating voltage V C = 0.6 V, are depicted. As discussed previously, the temperature exhibits a minimum close to the inlet of the fuel channel, where the rate of the endothermic MSR reaction (2) reaches its highest value. It can be seen that the temperature gradient is smoother for inlet temperature T IN = 1,073 K than for T IN = 1,173 K. This can be attributed mainly to the fact that, for constant V C , higher temperature operation corresponds to higher average current densities, resulting in higher exothermic electrochemical oxidation reaction rates and in turn in a more steep increase of the temperature along the cell. Furthermore, the MSR reaction rate increases with increasing temperature, as expected from Eq. (11), which also affects the formation of larger gradients. In Figure 12 , temperature distributions along the length of the SOFC, for fuel and air channel inlet temperatures of 1,073 K, 1,123 K, and 1,173 K and for constant average current density I C = 7,100 A m -2 , are depicted. It is observed that for lower inlet temperatures the temperature profile is slightly smoother (green line) than the corresponding one for higher inlet temperatures (blue line). This can be explained by the lower endothermic MSR reaction rate exhibited at lower temperatures, which is the only significant factor in this case, in contrast to the previous case where the change in the current density can also affect the temperature profile. Figure 13 illustrates the predicted average current density and power density as functions of the operating voltage, for fuel and air channel inlet temperatures of 1,073 K, 1,123 K, and 1,173 K and for the base case operating conditions as listed in Table 2 . As can be seen in Figure 13 , the power output of the DIR-SOFC, which is given by the operating voltage multiplied by the average current density, increases with rising temperature, as expected since the cell's overpotentials decrease. Therefore, the operating voltage is higher for the same current density. The decrease in the cell's overpotentials is caused by the decrease of each individual overpotential term. The ohmic overpotential decreases with increasing temperature, because the ionic and electronic conductivities increase accordingly, as can be seen from their equations in Table 1 . The activation overpotential is also decreasing with increasing temperature, since the activity of the electrochemical reactions increases at higher temperatures. This can also be deduced from the current density and the exchange current density expressions (Eqs. (52), (55), (57) , and (58)), where under typical SOFC operating conditions, a temperature increase leads to a decrease in the activation overpotential, since the exchange current density is an increasing function of temperature. Finally, at higher temperatures the diffusivity of the species is increased, resulting in lower values of concentration overpotentials, as the species can diffuse easier through the porous diffusion layer. Furthermore, in a DIR-SOFC the reaction rates of the MSR and WGS reactions are enhanced with increasing temperature, resulting in higher H 2 and CO concentrations and subsequently in higher current densities. Higher operating temperatures also result in lower reversible voltages, as expected by Eq. (93), but also in higher limiting current density values.
In Figure 14 , polarization and power density curves for anode catalyst layer thicknesses of 0.0002 m, 0.0001 m and 0.00005 m and for the base case operating conditions (as in Table 2 ), are depicted. For this parametric investigation, the total thickness of the anode electrode, i.e. the diffusion and the catalyst layer, was kept constant. Increasing the electrochemically-active catalyst layer thickness results in an increased total rate of the electrochemical reactions and, consequently, in reduced activation overpotential [73] . However, the ionic ohmic overpotential is increased, since the distance the ions have to travel to reach the reaction sites increases. For the operating conditions and design parameters used in this case, the increase in the ohmic overpotential is more significant than the decrease in the activation overpotential, therefore, a slight decrease in the DIR-SOFC performance is observed for higher values of the anode catalyst layer thickness.
Conclusions
The development and use of a comprehensive, 2-dimensional, multicomponent, nonisothermal, dynamic model for the investiga- [21, 22] was employed. The commercial FEM-based PDE solver, COMSOL Multiphysics [36] , was used for the solution and postprocessing of the DIR-SOFC system. The MSR reaction is much slower than the WGS reaction; therefore its reaction rate was based on a kinetic approach, while the WGS reaction rate was based on an equilibrium assumption [10] . Other unique features of this model are that it uses composite electrodes configuration, allowing the representation of the TPBs by finite 2-D subdomains rather than 1-D boundaries, and that both H 2 and CO electrochemical oxidation reactions are taken into account in the current density computation. In this work, the mechanisms of coupled transport and chemical/electrochemical reactions phenomena in the porous electrodes were studied and suggestions for improvement of the DIR-SOFC performance were discussed. Species compositions, temperature, ionic and electronic, as well as current density distribution results were obtained and presented. The performed simulations indicated a strong cooling effect at the anode electrode near the inlet, due to the highly endothermic MSR reaction. The formation of thermal gradients, associated with the endothermic behavior of the MSR reaction and the exothermic behavior of the WGS and electrochemical reactions at different locations, sets a limitation on the amount of reforming allowed in practice, since the mechanical integrity and reliability implications have to be taken into account by evaluating the thermal stresses imposed on the structure. Polarization curves were also generated to evaluate the effect of various design and operating parameters on the DIR-SOFC performance. Parametric investigation showed that the performance of the DIR-SOFC, with respect to its power output predicted by the polarization curves, can be improved by higher temperature operation, since the increase in temperature has a decreasing effect on the DIR-SOFC overpotentials. On the other hand, it was shown that decreasing the inlet temperature leads to smoother temperature profiles and to the formation of smaller thermal gradients. Although the DIR-SOFC performance was found to be affected by the thickness of the electrochemically active anode catalyst layer, the net system response was found to be not substantially affected at the conditions simulated, due to the counter-balancing behavior of the ohmic and activation overpotentials. Electronic and ionic potentials distributions were also presented across the solid structure thickness, which enable the individual evaluation of the activation, concentration and ohmic overpotential terms.
Although further experimental data are required to validate the developed model for a wider range of operating conditions and design parameters, the detailed modeling framework presented here can be used for DIR-SOFC design and optimisation purposes, as well as a tool to provide better understanding of the complex interrelated processes taking place in an DIR-SOFC.
All research data supporting this publication are directly available within this publication.
